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In this work, we study the disorder effect on topological metals that support a pair of helical
edge modes deeply embedded inside the gapless bulk states. Strikingly, we predict that a quantum
spin Hall (QSH) phase can be obtained from such topological metals without opening a global band
gap. To be specific, disorder can lead to a pair of robust helical edge states which is protected by
an emergent Z2 topological invariant, giving rise to a quantized conductance plateau in transport
measurements. These results are instructive for solving puzzles in various transport experiments on
QSH materials that are intrinsically metallic. This work also will inspire experimental realization
of the QSH effect in disordered topological metals.
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Introduction.— A quantum spin Hall (QSH) insula-
tor, or a two-dimensional topological insulator, is a
symmetry-protected topological phase of matter that is
insulating in its interior but supports gapless helical
states confined to its edges [1–5]. Due to spin-momentum
locking in helical edge states, elastic backscattering is for-
bidden without breaking time-reversal symmetry [3–7].
This gives rise to ballistic electron transport and conse-
quently a hallmark quantized edge conductance of 2e2/h
in transport measurements. However, truly quantized
edge conductance is difficult to observe. The key chal-
lenge is that the bulk states in many QSH candidates
are actually metallic [8–11], which spoils the quantiza-
tion of the edge conductance. Indeed, the helical edge
modes were only identified in HgTe/CdTe quantum wells
(QWs) [6, 7] and InAs/GaSb QWs [8, 12, 13], as well as
recently in 1T′-WTe2 monolayer [9, 10, 14–16]. Never-
theless, the origin of the quantized edge conductance in
InAs/GaSb QWs [8, 12, 13] and 1T′-WTe2 monolayer
remains controversial [9, 10, 14–16]. Transport mea-
surements show sizable bulk conduction in the intrinsic
InAs/GaSb QWs [8] while scanning tunneling micro-
scope (STM) studies reveal a metallic bulk band struc-
ture in 1T′-WTe2 monolayer [10].
Disorder plays an essential role in electron transport
phenomena in one or two dimensions due to Anderson
localization [17, 18]. Nevertheless, the helical edge states
in QSH insulators are not subject to Anderson localiza-
tion for weak non-magnetic disorder. That is because the
Z2 topological invariant, distinguishing a QSH insulator
from a normal insulator, does not change until the bulk
gap closes [3, 4, 19–26]. Unfortunately, in many QSH ma-
terials the valence band overlaps the conductance band as
it does in metals, and the helical edge states are embed-
ded inside the bulk states, which is dubbed topological
metals. Apparently, the robustness of gapped topological
system against disorder is not directly applicable, since
there is no band gap to sustain the Z2 invariant. One
would naively expect that the edge and bulk states are
mixed and localized indistinguishably in the presence of
disorder, and there is no way to realize the QSH effect
with a quantized edge conductance in these materials.
However, in the following we demonstrate that this is
not the case for topological metals.
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FIG. 1: (Color online). (a) The energy band structure of
a nanoribbon with the width L = 256 for the modified BHZ
model. The dashed line indicates the Fermi energy at E = 0.5.
(b) Two terminal conductance G versus the disorder strength
W at the Fermi energy E = 0.5 with a periodic (open) bound-
ary condition in the y direction. The conductance is averaged
over 48 disorder configurations for the sample size 512× 512.
The conductance fluctuations are shown as error bars. For
comparison, DOS in an arbitrary unit (a.u.) is shown in the
same panel.
In this work, we study the disorder effect on topolog-
ical metals which are described by a modified Bernevig-
Hughes-Zhang (BHZ) model. In the clean limit, the sys-
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2tem is a topological metal in which the valence and con-
ductance bands overlap with each other and there is no
band gap [see Fig. 1(a)]. Strikingly, in the presence of
disorder, a QSH phase characterized by the Z2 topo-
logical invariant emerges by opening up a mobility gap.
The emergent QSH phase is featured by a quantized two-
terminal conductance and localized bulk states with a fi-
nite density of states (DOS) [see Fig. 1(b)]. These results
provide an alternative way of understanding the current
experiments on QSH materials and will also stimulate
further studies to realize QSH effect in disordered topo-
logical metals.
Model Hamiltonian.—We consider a 4×4 modified dis-
ordered BHZ Hamiltonian with the Rashba spin-orbit
coupling (SOC): [5]
H(k) =
(
h(k)
h∗(−k)
)
+HR (1)
h(k) = (Dxk
2
x +Dyk
2
y) + (m0 −Bxk2x −Byk2y)τz
+~(vxkxτx + vykyτy) + V (r)
where h(k) and its time-reversal counterpart h∗(−k) act
on the spin up and spin down blocks, respectively, and
k is the wave vector. Here τx,y,z are the Pauli matrices
in the orbital space. Bx(y) and Dx(y) describe symmetric
and asymmetric parts of the effective masses of the con-
duction and valence bands in the x (y) direction, the mass
m0 determines the gap, and vx(y) is the Fermi velocity
in the x (y) direction. The long-ranged disorder poten-
tial is given by V (r) =
∑NI
n=1 Un exp [−|r− rn|2/(2ξ2)],
where Un is uniformly distributed in [−W/2,W/2] with
the disorder strength W , and NI impurities are randomly
located at {rn} among N sites [27, 28]. We fix the im-
purity density n = NI/N = 0.2 and the disorder range ξ
= 1. We note that different n and ξ don’t influence our
results qualitatively. We adopt the Rashba SOC term as
HR = VR(kxsy−kysx), where VR is the strength and sx,y
are the Pauli matrices in the spin space.
If we first ignore the Rashba SOC term HR, then the
Hamiltonian H becomes block-diagonal. When Dx,y <
Bx,y, the system is a Z2 = 1 QSH insulator with
a pair of topological nontrivial helical edge modes for
m0 ·Bx,y > 0, and it becomes a Z2 = 0 normal insulator
for m0 ·Bx,y < 0 [5]. However, if we tilt the Hamiltonian
such that Dx > Bx, the system becomes a topological
metal where the helical edge modes are embedded inside
the gapless bulk states. In Fig.1(a), we show the en-
ergy band structure of a nanoribbon of the topological
metal with Dx = 1.02Bx. It is clear that the conduction
and valence bands overlap so that all the edge modes are
completely embedded inside the bulk states. In the nu-
merical simulations, we have discretized the Hamiltonian
on a square lattice [28] with lattice constant a = 1 and
set model parameters as Bx = By = 1, vx = vy = 1.1,
Dx = 1.02, Dy = 0 and m0 = 1.1.
Disorder-induced quantized edge conductance.– To ex-
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FIG. 2: (Color online). Two-terminal conductance G versus
the Fermi energy E for (a) open (strip sample) and (c) peri-
odic (cylinder sample) boundary conditions in the y direction,
respectively. G is averaged over 1000 disorder configurations
with the sample size L × L. (b) Plots G against the sample
size L at various Fermi energies E for a strip sample. For
comparison, (d) shows DOS in an arbitrary unit (a.u.) as a
function of E. The disorder strength is fixed at W = 3.5.
plore the effect of disorder on the topological metal, we
study the two-terminal conductance G by the Landauer-
Bu¨ttiker formula [29]. In Fig. 1(b), we plot the two-
terminal conductance G as a function of the disorder
strength W at the Fermi energy E = 0.5. The system
shows sizable bulk conductance near W = 0 because of a
large number of conducting channels at E = 0.5 [see the
dashed line in Fig. 1(a)]. Surprisingly, we find a quan-
tized conductance plateau at G = 2e2/h with increasing
the disorder strength W for the open boundary condition
in the y direction, while G becomes zero for the periodic
boundary condition. The plateau remains quantized un-
til all the states are localized in the strong disorder limit.
This strongly suggests the existence of the topological
nontrivial helical edge modes. Meanwhile, DOS remains
a finite value in the plateau region [see solid blue line in
Fig.1(b)], which rules out the gap reopening by disorder
[20–22].
Now let us perform a finite-size scaling of the two-
terminal conductance G. In Fig.2(a), we plot the conduc-
tance G versus Fermi energy E at the disorder strength
W = 3.5 for different sample sizes L × L. There are
two critical points near Ec = 0 and Ec = 1.2 where
dG/dL = 0 [see also Fig.2(b)-(c)]. It is found that there
exists delocalized edge modes between the two critical
points, because the conductance G increases (decrease)
with the system size L for the open (periodic) boundary
condition [see Figs.2(a) and (c)]. These edge modes are
robust to disorder and result in a quantized conductance
plateau at G = 2e2/h for 0 < E < 1.2 in the thermo-
3dynamic limit. In Fig. 2(b), we show the conductance
G against the size L for various Fermi energies E. The
conductance G approaches to the quantized value 2e2/h
with increasing size L for the energies between two crit-
ical points. Therefore, we conclude that the quantized
conductance plateau region is determined by the critical
points in the bulk band. Furthermore, the system has
no band gap because the DOS remains finite for all E as
shown in Fig. 2(d).
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FIG. 3: (Color online). (a-f) Plots of the Hall conductance
σ+xy for the spin-up sector versus the Fermi energy E under
various disorder strengths W . The colors of lines represent
different sample sizes L× L.
Emergent Z2 topological invariant.– Now, we move on
to discuss the topology of the bulk states by using the
spin Chern number, which will further uncover the topo-
logical origin of the quantized edge conductance. Un-
der the time-reversal symmetry, the Hall conductance of
spin-down and spin-up sectors obeys σ−xy = −σ+xy, and
consequently the spin Chern number can be defined by
Cs ≡ (C+−C−)/2 [30–33]. Note that Cs is related to the
Z2 classification as Z2 = Cs. We evaluate the Hall con-
ductance σ±xy ≡ C±e2/h for the spin-up and spin-down
sectors based on a 2D sample of size L × L under pe-
riodic boundary conditions in both x and y directions.
The Chern number C± can be evaluated via the non-
commutative Kubo formula [32, 33]
C± = 2pii〈Tr[P±[−i[xˆ, P±],−i[yˆ, P±]]]〉. (2)
Here 〈...〉 represents ensemble-averaged over different dis-
order configurations, and (xˆ, yˆ) denotes the position op-
erators. P± is the spectral projector onto the posi-
tive/negative eigenvalue of PszP , while P represents the
projector onto the occupied states of H. Figs. 3(a)-
(f) show the scale-dependent behaviors of Hall conduc-
tance σ+xy for the spin-up sector versus the Fermi en-
ergy E obtained at various disorder strengths W . In the
clean limit, the spin-polarized Hall conductance σ+xy(E)
is not quantized and independent of the system size for
E within the bandwidth [see Fig. 3(a)]. Therefore, σ+xy
is contributed from all the bulk states below the Fermi
energy in the thermodynamic limit. On the other hand,
in Fig. 3(b), it is found that σ+xy scales to a quantized
value e2/h between two scale-independent critical points
at Ec ≈ −0.1 and 1.4. Moreover, we find that the the
slope of the Hall conductance dσ+xy/dE becomes sharper
and sharper for larger size L near the two critical points
in Fig. 3(b), in accordance with quantum Hall plateaus
transition. For Fig. 3(b), we expect that σ+xy becomes
a step function while dσ+xy/dE is a delta function in the
thermodynamic limit, where only the two critical points
contribute to σ+xy [34]. Therefore, the Z2 topological in-
variant of the conduction or valence band is carried by
the extended states at the critical points. The critical
states in the valence and conduction bands are very ro-
bust, while they move to the band center and annihilate
pairwise in the strong disorder limit [see Figs. 3(c)-(f)].
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FIG. 4: (Color online). (a)-(d) The scale-dependent of renor-
malized localization length Λ against E for different W .
Next, we calculate the localization length by consider-
ing a 2D cylinder sample with a periodic boundary con-
dition along the y direction. The length of the cylinder
is Lx and the circumference is Ly = L. The localiza-
tion length λ is obtained by the transfer matrix method
[35–37]. In general, the renormalized localization length
Λ ≡ λ/L increases with the sample width L (dΛ/dL > 0)
in a metallic phase, dΛ/dL < 0 in an insulating phase,
and dΛ/dL = 0 at the critical point of phase transition.
Fig. 4(a) shows the renormalized localization length Λ
versus Fermi energy E at the disorder strength W = 3.5.
We find two critical points with dΛ/dL = 0 at Ec ≈ 0
and 1.2 in the conduction and valence bands, respectively,
while all other states are localized with dΛ/dL < 0. With
increasing W , the two critical points annihilate pairwise
in the band center at W = 6 [see Fig. 4(c)] and all the
states become localized at last [see Fig. 4(d)]. We empha-
size that the consistency between all the phase behaviors
determined from the scaling of the localization length,
4the Hall conductance (in Fig. 3) and the two-terminal
conductance (in Fig. 2), demonstrates the reliability of
the obtained results.
Below we offer an explanation for the main results
from a phenomenological point of view. In general, the
spin-polarized Hall conductance σ±xy is contributed from
all the bulk states below the Fermi energy in the clean
system. It loses quantization when the conduction and
valence bands overlap, because the spin-polarized Hall
conductance σ±xy of the overlapped states are canceled.
On the contrary, σ±xy is contributed from the extended
states near the band center in the presence of disorder,
because the extended states are pushed to the center of
the valence or conduction band by disorder. As a result,
σ±xy restores quantization, giving rise to an emergent Z2
topological invariant carried by the states at the center
of the conduction or valence band. Due to the bulk-edge
correspondence, there exists a pair of helical edge modes
connecting two mobility edges in the valence and conduc-
tion bands, which results in the quantized conductance
plateau in Fig. 2(a). Therefore, the helical edge states in
the topological metal generally become emergent robust
in the presence of disorder.
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FIG. 5: (Color online). (a) The phase diagram on the plane of
the disorder strength W and Fermi energy E without Rashba
SOC (VR = 0). The dots are obtained from the localization
length scaling and the dashed line is guide to the eye. (b)
The mobility gap Eg as a function of W for various Rashba
SOC strengths VR (see [34] for details at VR 6= 0).
Phase diagram.– In Fig. 4(a), we summarize the main
results in the phase diagram on the plane of the disorder
strength W and the Fermi energy E. Although the sys-
tem is a topological metal in the clean limit at W = 0,
disorder creates a mobility gap for arbitrary small disor-
der by Anderson localization [38] and drives the system
into a QSH insulator. In the absence of Rashba SOC
VR = 0, the emergent QSH phase can be regarded as
two copies of quantum anomalous Hall insulator of uni-
tary class [39, 40]. As shown in Fig. 5(a), we can see a
phase boundary between the QSH insulator and the nor-
mal insulator. When the two subblocks of Hamiltonian
are coupled by a Rashba SOC term, the system belongs to
the symplectic class [39, 40]. Nevertheless, the mobility
gap can still exist [34]. In Fig. 5(b), we show the mobility
gap Eg as a function of the disorder strength W with and
without the Rashba SOC. In the presence of the Rashba
SOC, the mobility gap decreases [34]. This is in accor-
dance with the fact that the topologically nontrivial gap
of QSH phase is generally reduced by the Rashba term in
the modified BHZ model [25]. We note that the results
obtained above are generally applicable to any topologi-
cal metal systems, including InAs/GaSb QWs and 1T′-
WTe2 monolayer [9, 12]. Therefore, we conclude that
the topological metals tend to gain a sizable topologically
nontrivial mobility gap in the presence of arbitrary small
disorder, resulting in the quantized edge conductance of
2e2/h in the thermodynamic limit.
Discussions and conclusion.– Our results are instruc-
tive for varieties of transport experiments in QSH ma-
terials such as InAs/GaSb QWs and 1T′-WTe2 mono-
layer [8–10, 14–16, 41]. It is found that the helical edge
transport always coexists with sizable bulk conduction
in intrinsic InAs/GaSb QWs [8, 13]. On the other hand,
when InAs/GaSb QWs are doped by non-magnetic Si im-
purities, wide conductance plateaus quantized to 2e2/h
are observed. The system opens up a mobility gap about
26K by Si doping [41]. This strongly suggests the obser-
vation of the disorder-induced quantized edge transport
phenomena by creating a mobility gap in the bulk, just
as we stated above. More recently, STM measurements
demonstrate that 1T′-WTe2 monolayer has a metallic
bulk band structure as initially predicted by ab inito
calculation [9, 10]. However, 1T′-WTe2 is confirmed
to support quantized edge conductance with insulating
bulk [14, 16]. Surprisingly, the QSH effect in this ma-
terial is reported to survive at temperatures even up
to 100 Kelvin, meaning the existence of large insulating
gap, which cannot be explained by the current theories
[9, 10, 14–16, 42]. Our results of disorder-induced large
mobility gap in topological metals provide a new view-
point to reconcile this controversial issue.
In summary, we have studied the disorder effect in
topological metal and found disorder can always lead to
a quantized edge transport protected by an emergent Z2
invariant. In the clean system, the spin-polarized Hall
conductance σ+xy loses quantization when the the con-
duction and valence band overlap. On the contrary, σ+xy
is contributed from extended states at the center of the
conductance or valence band in the presence of disorder.
As a result, the system restores a quantized spin Chern
number Cs = 1 and thus turns into a Z2 = 1 QSH insula-
tor with robust helical edge modes transport. Our work
can explain recent experiments of realizing QSH effect in
disordered topological metals.
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SCALE-DEPENDENCE OF THE SLOPE OF HALL CONDUCTANCE
In Fig. S1, we show the slope of the Hall conductance dσ+xy/dE against the Fermi energy E at the disorder strengths
W = 0 and W = 1.5 for various system sizes L. Figs.S 1(a)-(b) are directly obtained by the finite-difference methods
using the data in Figs.3(a)-(b) in the main text. In the clean limit, we find that dσ+xy/dE is independent of size L as
shown in Fig.S 1(a) and thus σ+xy(E) =
∫ E
−∞
σ+xy
dE′ dE
′ is contributed from all the states below the Fermi energy E in the
thermodynamic limit. On the contrary, the slope of Hall conductance dσ+xy/dE increases with size L at two critical
points Ec ≈ −0.1 and 1.4 as shown in Fig.S 1(b). According to the scaling analysis of the localization length, there
are only two critical points in this system while all other states are localized (see Fig.4 in the main text). Therefore,
it is natural to expect that dσ+xy/dE will scale to a delta function in the thermodynamic limit, because the quantized
Hall conductance is only contributed from the extended states at the critical points.
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Figure S 1: (Color online). (a)-(b) Scale-dependence of the slope of Hall conductance for the spin-up sector dσ+xy/dE versus the
Fermi energy E at the disorder strengths W = 0 and W = 1.5, respectively. (a)-(b) are directly obtained by the finite-difference
methods using the data in Figs.3(a)-(b) in the main text.
FINITE SIZE SCALING OF THE RENORMALIZED LOCALIZATION LENGTH WITH RASHBA
SPIN-ORBIT COUPLING
In this section, we perform a finite size scaling analysis for the topological metals with Rashba spin-orbit coupling
(SOC) VR in Fig.S 2. In the presence of the Rashba term VR 6= 0, the system belongs to symplectic class and metallic
phases can exist. For VR = 0.02, it is found that an insulating phase exists in the energy region E ∈ (0.25, 0.85), since
the renormalized localization length Λ decreases with size L. Therefore, the mobility gap discovered in the main text
still exists in the presence of the Rashba SOC. Moreover, two metallic phase regions show up with dΛ/dL > 0 in
Fig.S 2(a) instead of two critical points in Fig.4 in the main text. That’s because the Rashba SOC drives the system
from unitary to symplectic class. This mobility gap is stable until it is closed by two metallic phases with increasing
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2W [see Figs.S 2 (b1)-(c1)], and all the states are localized in strong disorder limit [see Fig.S 2(d1)]. Similarly, for
VR = 0.05, we find a mobility gap between two metallic phases at W = 3. We note that the mobility gap decreases in
the presence of the Rashba SOC, which is consistent with the fact that the topological nontrivial gap of QSH phase
is generally reduced by the Rashba SOC in the BZH model [1].
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Figure S 2: (Color online). (a1-d1) and (a2-d2) Plots of scale-dependence of the renormalized localization length Λ versus
Fermi energy E obtained at various W . The Rashba SOC strengths are VR = 0.02 and VR = 0.05, respectively.
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